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(1) ∀x(A(x) ∧B(x)) → ∀xA(x) ∧ ∀xB(x)
[∀x(A(x) ∧B(x))]1
E∀
A(c) ∧B(c) ∧E
A(c)
I∀∀xA(x)
[∀x(A(x) ∧B(x))]1
E∀
A(c) ∧B(c) ∧E
B(c)
I∀∀xB(x) ∧I∀xA(x) ∧ ∀xB(x)
I→1∀x(A(x) ∧B(x)) → ∀xA(x) ∧ ∀xB(x)
(2) ∀xA(x) ∧ ∀xB(x) → ∀x(A(x) ∧B(x))
[∀xA(x) ∧ ∀xB(x)]1 ∧E∀xA(x)
E∀
A(c)
[∀xA(x) ∧ ∀xB(x)]1 ∧E∀xB(x)
E∀
B(c) ∧I
A(c) ∧B(c)
I∀∀x(A(x) ∧B(x))
I→1∀xA(x) ∧ ∀xB(x) → ∀x(A(x) ∧B(x))
1
(3) ∃x(A(x) ∨B(x)) → ∃xA(x) ∨ ∃xB(x)
[A(c)]1
I∃
∃xA(x)
∨I
∃xA(x) ∨ ∃xB(x)
[B(c)]1
I∃
∃xB(x)
∨I
∃xA(x) ∨ ∃xB(x) [A(c) ∨B(c)]3
E∨1
∃xA(x) ∨ ∃xB(x) [∃x(A(x) ∨B(x))]4
E∃3
∃xA(x) ∨ ∃xB(x)
I→4
∃x(A(x) ∨B(x))→ ∃xA(x) ∨ ∃xB(x)
(4) ∃xA(x) ∨ ∃xB(x) → ∃x(A(x) ∨B(x))
[A(c)]1 ∨I
A(c) ∨B(c)
I∃∃x(A(x) ∨B(x)) [∃A(x)]3
E∃1∃x(A(x) ∨B(x))
[B(c)]2 ∨I
A(c) ∨B(c)
I∃∃x(A(x) ∨B(x)) [∃B(x)]3
E∃2∃x(A(x) ∨B(x)) [∃xA(x) ∨ ∃xB(x)]4
E∨3∃x(A(x) ∨B(x))
I→4∃xA(x) ∨ ∃xB(x) → ∃x(A(x) ∨B(x))
(5) ∃x(A(x) ∧B(x)) → ∃xA(x) ∧ ∃xB(x)
[A(c) ∧B(c)]1 ∧E
A(c)
I∃∃xA(x) [∃x(A(x) ∧B(x))]3
E∃1∃xA(x)
[A(d) ∧B(d)]2 ∧E
B(d)
I∃∃xB(x) [∃x(A(x) ∧B(x))]3
E∃2∃xB(x) ∧I∃xA(x) ∧ ∃xB(x)
I→3∃x(A(x) ∧B(x)) → ∃xA(x) ∧ ∃xB(x)
(6) ∀xA(x) ∨ ∀xB(x) → ∀x(A(x) ∨B(x))
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[∀xA(x)]1
E∀
A(c) ∨I
A(c) ∨B(c)
I∀∀x(A(x) ∨B(x))
[∀xB(x)]1
E∀
B(c) ∨I
A(c) ∨B(c)
I∀∀x(A(x) ∨B(x)) [∀xA(x) ∨ ∀xB(x)]2
E∨∀x(A(x) ∨B(x))
I→2∀xA(x) ∨ ∀xB(x) → ∀x(A(x) ∨B(x))
(7) A ∧ ∃xB(x) → ∃x(A ∧B(x)) per x non libera in A
[A ∧ ∃xB(x)]2 ∧E
A [B(c)]1
A ∧B(c)
I∃∃x(A ∧B(x))
[A ∧ ∃xB(x)]2 ∧E∃xB(x)
E∃1∃x(A ∧B(x))
I→2
A ∧ ∃xB(x) → ∃x(A ∧B(x))
(8) ∀x(A ∨B(x)) → A ∨ ∀xB(x)) per x non libera in A
∅
...
B ∨ ¬B
B1
I∨∀xA ∨B
[¬B]1
[∀x(A(x) ∨B)]2
E∀
A(x) ∨B
modus tollendo ponens
A(x)
I∀∀xA(x)
I∨∀xA ∨B
E1∨∀xA ∨B
I→2∀x(A(x) ∨B) → (∀xA ∨B)
(9) ∀x(A→ B(x)) → (A→ ∀xB(x)) per x non libera in A
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[∀x(A→ B(x))]2
E∀
A→ B(b) [A]1
E→
B(b)
I∀∀xB(x)
I→1
A→ ∀xB(x)
I→2∀x(A→ B(x)) → (A→ ∀xB(x))
(10) (A→ ∀xB(x)) → ∀x(A→ B(x)) per x non libera in A
[A]1 [A→ ∀xB(x)]2
E→∀xB(x)
E∀
B(b)
I→1
A→ B(b)
I∀∀x(A→ B(x))
I→2∀x(A→ B(x)) → (A→ ∀xB(x))
(11) ∃x(A→ B(x)) → (A→ ∃xB(x)) per x non libera in A
[A]2 [A→ B(c)]1
E→
B(c)
I∃∃xB(x) [∃x(A→ B(x))]3
E∃1∃xB(x)
I→2
A→ ∃xB(x)
I→3∃x(A→ B(x)) → (A→ ∃xB(x))
(12) (A→ ∃xB(x)) → ∃x(A→ B(x)) per x non libera in A
4
A ∨ ¬A
[¬A]3 [A]1 ¬i
B(c)
I→1
A→ B(c)
I∃∃x(A→ B(x))
[B(d)]2
I→
A→ B(d)
I∃∃x(A→ B(x))
[A]3 [A→ ∃xB(x)]4
E→∃xB(x)
E∃2∃x(A→ B(x))
E3∨∃x(A→ B(x))
I→4
(A→ ∃xB(x)) → ∃x(A→ B(x))
(13) ∃x(A(x) → B) → (∀xA(x) → B) per x non libera in B
[∀xA(x)]2
E∀
A(c) [A(c) → B]1
E→
B [∃x(A(x) → B)]3
E∃1
B
I→2∀xA(x) → B
I→3∃x(A(x) → B) → (∀xA(x) → B)
(14) ∀x(A(x) → B) → (∃xA(x) → B) per x non libera in B
[∀x(A(x) → B)]3
E∀
A(c) → B [A(c)]1
E→
B [∃xA(x)]2
E∃1
B
I→2∃xA(x) → B
I→3∀x(A(x) → B) → (∃xA(x) → B)
(15) (∃xA(x) → B) → ∀x(A(x) → B) per x non libera in B
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[A(d)]1
I∃∃xA(x) [∃xA(x) → B]2
E→
B
I→1
A(d) → B
I∀∀x(A(x) → B)
I→2
(∃xA(x) → B) → ∀x(A(x) → B)
(16) ∀x(A(x) ↔ B(x)) → (∀xA(x) ↔ ∀xB(x))
[∀x(A(x) ↔ B(x))]3
E↔∀x(A(x) → B(x)
E∀
A(c) → B(c)
[∀xA(x)]1
E∀
A(c)
E→
B(c)
I∀∀xB(x)
I→1∀xA(x) → ∀xB(x)
[∀x(A(x) ↔ B(x))]3
E↔∀x(B(x) → A(x)
E∀
B(c) → A(c)
[∀xB(x)]2
E∀
B(c)
E→
A(c)
I∀∀xA(x)
I→2∀xB(x) → ∀xA(x)
I↔∀xA(x) ↔ ∀xB(x)
I→3∀x(A(x) ↔ B(x)) → (∀xA(x) ↔ ∀xB(x))
(17) ∀x(A(x) ↔ B(x)) → (∃xA(x) ↔ ∃xB(x))
[∀x(A(x)↔ B(x))]5
E∀
A(c)↔ B(c)
E↔
A(c)→ B(c) [A(c)]1
E→
B(c)
I∃
∃xB(x) [∃xA(x)]2
E∃1
∃xB(x)
I→2
∃xA(x)→ ∃xB(x)
[∀x(A(x)↔ B(x))]5
E∀
A(c)↔ B(c)
E↔
B(c)→ A(c) [B(c)]3
E→
A(c)
I∃
∃xA(x) [∃xA(x)]4
E∃3
∃xA(x)
I→4
∃xB(x)→ ∃xA(x)
I↔
(∃xA(x)↔ ∃xB(x))
I→5
∀x(A(x)↔ B(x))→ (∃xA(x)↔ ∃xB(x))
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(18) ∃x∃y(x, y) → ∃y∃x(x, y)
[A(c, d)]1
I∃∃xA(x, d)
I∃∃y∃xA(x, y) [∃yA(c, y)]2
E∃1∃y∃xA(x, y) [∃x∃yA(x, y)]3
E∃2∃y∃x(x, y)
I→3∃x∃y(x, y) → ∃y∃x(x, y)
(19) ∃x∀yA(x, y) → ∀y∃xA(x, y)
[∀yA(c, y)]1
E∀
A(c, d)
I∃∃xA(x, d) [∃x∀yA(x, y)]2
E∃1∃xA(x, d)
I∀∀y∃xA(x, y)
I→2∃x∀yA(x, y) → ∀y∃xA(x, y)
(20) ∀x(A(x) → B(x)) → (∀xA(x) → ∀xB(x))
[∀x(A(x) → B(x))]2
E∀
A(d) → B(d)
[∀xA(x)]1
E∀
A(d)
E→
B(d)
I∀∀xB(x)
I→1∀xA(x) → ∀xB(x)
I→2∀x(A(x) → B(x)) → (∀xA(x) → ∀xB(x))
(21) ∀x(A(x) → B(x)) → (∃xA(x) → ∃xB(x))
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[∀x(A(x) → B(x))]3
E∀
A(c) → B(c) [A(c)]1
E→
B(c)
I∃∃xB(x) [∃xA(x)]2
E∃1∃xB(x)
I→2∃xA(x) → ∃xB(x)
I→3∀x(A(x) → B(x)) → (∃xA(x) → ∃xB(x))
(22) ¬∀xA(x) → ∃x¬A(x)
[¬A(c)]1
I∃∃x¬A(x) [¬∃x¬A(x)]2 ¬k1
A(c)
I∀∀xA(x) [¬∀xA(x)]3 ¬k2∃x¬A(x))
I→3¬∀xA(x) → ∃x¬A(x)
(23) Interdefinibilita` dei quantificatori 1. ∀xP (x) → ¬∃x¬P (x)
[¬P (a)]2
[∀xP (x)]1
I∀
P (a) ¬m1¬∀xP (x) [∃x¬P (x)]3
E∃2¬∀xP (x)
I→3∃¬P (x) → ¬∀xP (x)
Cp∀xP (x) → ¬∃x¬P (x)
(24) Interdefinibilita` dei quantificatori 2. ¬∃x¬P (x) → ∀xP (x)
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[¬P (a)]1
I∃∃x¬P (x) [¬∃x¬P (x)]2 ¬k1
P (a)
I∀∀xP (x)
I→2¬∃x¬P (x) → ∀xP (x)
(25) ¬∀x¬A(x) → ∃xA(x)
[A(c)]1
I∃∃xA(x) [¬∃xA(x)]2 ¬m1¬A(c)
I∀∀x¬A(x) [¬∀x¬A(x)]3 ¬k2∃xA(x)
I→3¬∀x¬A(x) → ∃xA(x)
(26) ∃xA(x) → ¬∀x¬A(x)
[∀x¬A(x)]1
I∀¬A(c) [A(c)]2 ¬m1¬∀x¬A(x) [∃xA(x)]3
E∃2¬∀x¬A(x)
I→3∃xA(x) → ¬∀x¬A(x)
(27) ¬∃xA(x) → ∀x¬A(x)
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[A(c)]1
I∃∃xA(x) [¬∃xA(x)]2 ¬m1¬A(c)
I∀∀x¬A(x)
I→2¬∃xA(x) → ∀x¬A(x)
(28) ∀x¬A(x) → ¬∃xA(x)
[∀x¬A(x)]1
E∀¬A(c) [A(c)]2 ¬m1¬∀x¬A(x) [∃xA(x)]3
E∃2¬∀x¬A(x) [∀x¬A(x)]4 ¬m3¬∃xA(x)
I→4∀x¬A(x) → ¬∃xA(x)
(29) ∃x¬A(x) → ¬∀xA(x)
[∀xA(x)]1
E∀
A(c) [¬A(c)]2 ¬m1¬∀xA(x) [∃x¬A(x)]3
E∃2¬∀xA(x)
I→3∃x¬A(x) → ¬∀xA(x)
(30) (∀xA(x) → B) → ∃x(A(x) → B) per x non libera in B
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[¬A(c)]2 [A(c)]1 ¬i
B
I→1
A(c) → B
I∃∃x(A(x) → B)
[∀xA(x) → B]4
¬B → ¬∀xA(x) [¬B]3
E→¬∀xA(x)
Ded(22)∃x¬A(x)
E∃2∃x(A(x) → B)
[B]3
I→
A(d) → B
I∃∃x(A(x) → B) ¬B ∨B
E3∨∃x(A(x) → B)
I→4
(∀xA(x) → B) → ∃x(A(x) → B)
(31) ∃x(A→ ∀xA) Esistenza dell’ultimo
∀xA ∨ ¬∀xA
[∀xA]5
I→
A(a/x)→ ∀xA
I∃
∃x(A→ ∀xA)
[¬A(a/x)]3
I∃
∃x¬A [¬∃x¬A]4
¬k3
A(a/x)
I∀
∀xA [¬∀xA]5
¬k4
∃x¬A
[¬A]2 [A]1
¬i
∀xA
I→1
A→ ∀xA
I∃
∃x(A→ ∀xA)
E∃2
∃x(A→ ∀xA)
E∃5
∃x(A→ ∀xA)
(32) ∀xA→ ¬∃x¬A
∃x¬A3
∀xA1
E∀
A ¬A2 ¬m1¬∀xA
E∃2¬∀xA ¬m3¬∃x¬A
I→1∀xA→ ¬∃x¬A
(33) (∀xA(x) → B) → ∃x(A(x) → B) per x non libera in B.
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Prima dimostrazione
∃x¬A(x) ∨ ¬∃x¬A(x)
[A(c)]
1
[¬A(c)]2
¬i
∀xA(x) [∀xA(x)→ B]4
E→
B
I→1
A(c)→ B
I∃
∃x(A(x)→ B) [∃x¬A(x)]3
E∃2
∃x(A(x)→ B)
[¬A(c)]5
I∃
∃x¬A(x) [¬∃x¬A(x)]3
¬k5
A(c)
I∀
∀xA(x) [∀xA(x)→ B]6
E→
B
I→
A(c)→ B
I∃
∃x(A(x)→ B)
E3∨
∃x(A(x)→ B)
I→6
(∀xA(x)→ B)→ ∃x(A(x)→ B)
Seconda dimostrazione
B ∨ ¬B
[B]
5
I→
A(c)→ B
I∃
∃x(A(x)→ B)
[¬A(c)]1
I∃
∃x¬A(x) [¬∃x¬A(x)]2
¬k1
A(c)
I∀
∀xA(x)
[∀xA(x)→ B]6 [∀xA(x)]7
E→
B [¬B]5
¬m7
¬∀xA(x)
¬k2
∃x¬A(x)
[¬A(c)]4 [A(c)]3
¬i
B
I→3
A(c)→ B
I∃
∃x(A(x)→ B)
E∃4
∃x(A(x)→ B)
E5∨
∃x(A(x)→ B)
I→6
(∀xA(x)→ B)→ ∃x(A(x)→ B)
(34) ∃xA(x) → ¬∀x¬A(x)
[∀x¬A(x)]1
E∀¬A(c) [A(c)]2 ¬m1¬∀x¬A(x) [∃xA(x)]3
E∃2¬∀x¬A(x)
I→3∃xA(x) → ¬∀x¬A(x)
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(35) ` ∀x(A(x) → B) → (∃xA→ B) ove x non occorre in B
∃xA
[A(c)]1
∀x(A(x) → B)
E∀
A(c) → B
E→
B
E∃1
B
I seguenti teoremi della logica classica NON sono teoremi della logica
intuizionista
¬∀xA→ ∃x¬A
¬∀x¬A→ ∃xA
∀x(A(x) ∨B) → ∀xA(x) ∨B, dove x non occorre in B
(A→ ∃xB(x)) → ∃x(A→ B(x)), dove x non occorre in A
(∀xA(x) → B) → ∃x(A(x) → B) , dove x non occorre in B
∃x(A(x) → ∀yA(y))
¬¬∃xA(x) → ∃x¬¬A(x)
∀x¬¬A(x) → ¬¬∀xA(x)
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